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LOCALLY CONFORMALLY SYMPLECTIC STRUCTURES ON 
COMPACT NON-KAHLER COMPLEX SURFACES 

VESTISLAV APOSTOLOV AND GEORGES DLOUSSKY 


Abstract. We prove that every compact complex surface with odd first Betti num¬ 
ber admits a locally conformally symplectic 2-form which tames the underlying al¬ 
most complex structure. 


1. Introduction 

It is a well-known result gaiiiziiiiiiso] that a compact complex surface S = (M, J) 
admits a Kahler metric if and only if its first Betti number hi{M) is even. A cornerstone 
for the proof of this result is the fact, proved independently in [181 Lemme II.3] and 
[221 p. 185] (see also [13 P- 143, Prop. 1.6] for the case of a K3 surface), that bi{M) 
is even if and only if M admits a symplectic form oj which tames J, in the sense that 
the (1,1) part of u is positive definite. This and the methods of proof in [111 [3D] 
inspired the so-called ^Hamed to compatible' conjecture in symplectic geometry, which 
asks whether an almost complex structure on M which is tamed by a symplectic form 
admits a compatible symplectic form, see [I51I11]. 

A natural extension of the theory of Kahler manifolds to the non-Kahlerian complex 
case can be obtained through the notion of locally conformally Kahler metrics, intro¬ 
duced and studied in foundational work by F. Tricerri and I. Vaisman, see e.g. [141136] 
for an overview. Recall that a locally conformally Kahler (or leK) metric on a com¬ 
plex manifold X = (M, J) is defined by a positive-definite (1, l)-form F satisfying 
dF = 8 AF for a closed 1-form 9. The 1-form 9 is uniquely determined and is referred 
to as the Lee form of F. The corresponding Hermitian metric g{-, •) = F{-, J-) defines 
a conformal class c on M. Changing the Hermitian metric g = e-^g within c amounts 
to transform the Lee form hy 9 = 9 + df, so that the de Rham class [0] is an invariant 
of the conformal class c. 

Of particular interest is the case of compact complex surfaces, where recent works [6l 
EittnKiD] showed that IcK metric exists for all known examples of compact complex 
surfaces with odd first Betti number, with the exception of the complex surfaces ob¬ 
tained by blowing up points of certain Inoue surfaces with zero second Betti number, 
described in [6]- However, a general existence result is still to come. 
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In this paper we study, on a compact complex surface S = (M, J) with odd first 
Betti number, the problem of existence of locally conformally symplectic forms u which 
tame J, i.e. 2-forms oj satisfying duo = 6 A u for a closed 1-form 9 (called Lee form 
of uo), and such that the (1, l)-part of uo is positive-definite. This is, in general, a 
weaker condition than the existence of IcK metrics, which turns out to be related to 
the theory of bihermitian conformal structures mm in the case when the w-conjugate 
of J determines another integrable almost-complex structure on M, see [T]. 

We establish the following general existence result, which we believe is an important 
step towards the resolution of the existence problems for both IcK and bihermitian 
conformal structures on a non-Kahler complex surface, and which answers in positive 
(in the case of complex surfaces) a question raised in [361 Open Problem 1], 

Theorem 1.1. Any compact complex surface S = {M,J) with odd first Betti number 
admits a locally conformally symplectic form uo which tames J. 

The above theorem is derived from another existence result concerning a conformal 
class of Hermitian metrics on S = (M, J), which can be regarded as a twisted version of 
Gauduchon’s celebrated theorem m, and can be stated as follows. Let a E be 

a de Rham cohomology class and a E a a closed 1-form in a. Denote hy da '■= d —a A. 
the twisted differential operator defining the Lichnerowicz-Novikov complex, and let 
d'a ■■= JdJ-^. 

Theorem 1.2. Let S = (M, J) be a compact complex surface with odd first Betti 
number, and c a conformal class of Hermitian metrics on S. Then, there exists a 
non-zero de Rham class a E such that for any metric g & c, there exists a 

representative a G a such that the fundamental 2-form F of g satisfies 

dadaF = 0 . 

The de Rham class a appearing in Theorem II.21 determines, via the exponential map 
(1) H}RiS,C) H\S,a) Pico(5), 

a flat holomorphic line bundle Ca, and we derive Theorem 11.11 from Theorem 11.21 bv 
showing that, when H‘^{S,Ca) = {0}, S also admits a locally conformally symplectic 
form with a Lee form a. The proofs of Theorems 11.11 and Theorem 11.21 are presented 
in Section [2] of the paper, whereas the necessary analytical tools are collected in the 
Appendix 

In the light of the “tamed to compatible” conjecture mentioned above, it is natural 
to compare the existence on S of IcK metrics and of locally conformally symplectic 
forms taming J, through the corresponding de Rham classes of their Lee forms. We 
thus introduce in Section [3] the subset C{S) (resp. T{S)) in of classes a for 

which there exists a IcK metric on S with Lee form 0 E o (resp. for which there exists a 
locally conformally symplectic form which tames J, with Lee form in a). We obviously 
have the inclusion C{S) C T(S'), and one may ask (see also [36], |9l Rem. 9]): 

Problem 1.3. Let S = {M,J) be a compact complex surface with odd first Betti 
number. Determine the set T(S') C of classes a for which there exists a 

locally conformally symplectic form oo which tames J and has a Lee form 9 (z a. Is 
T{S) strictly bigger than C{S)7 

Our initial motivation to study the above problem came from the theory of biher¬ 
mitian conformal structures developed in [T], where the existence of the latter was 
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reduced to answering the question of whether certain classes a € belong to 

T{S) and C{S). 

A number of partial results concerning Problem 1 1.31 are obtained in Section HI where 
we specialise to the case of a compact complex surface with first Betti number equal 
to 1. 

In the last Section [5] of the paper, we consider some examples of non-Kahler complex 
surfaces in the Kodaira class VII (i.e. satisfying H^{S,]Cg) = {0} for all £> 1, where 
fCs stands for the canonical line bundle of S, see IS]), for which a complete answer to 
the above problem can be given. It is known that in this case, the first Betti number 
equals to 1 (see e.g. ISj), and that the degree with respect to some Gauduchon metric 
on S of the holomorphic line bundles determined via © induces an orientation on 
= (M, >), which turns out to be independent of the choice of a Gauduchon 
metric (see [461 Rem. 2.4] or Lemma l4.II) . Thus, for any compact complex surface in 
the Kodaira class VII, one can naturally identify with the oriented real line 

(—oo,+oo). In this notation, a combination of Propositions 15.11 and [5.21 gives 

Theorem 1.4. Let S be a compact complex surface whith a minimal model Sq. 

(i) If Sq is a H opf surface, then T{S) = C{S) = (—oo,0). 

(ii) If S is an Inoue surface of the type with u € C\'R, then C(S) = 0 

and T{S) = {do}- 

(hi) If S is an Inoue surfaee of the type S~^ with u € M, then C{S) = T{S) = 

{«o}, 

where oq G denotes the de Rham class for which the holomorphic line bundle 

determined by is isomorphic to the anti-canonical line bundle Klg. 

2. Existence of locally conformally symplectic forms taminc the 

COMPLEX STRUCTURE 

Throughout the paper, we shall use the following 

Convention 2.1. Let a be a closed 1-form on M, representing a de Rham class a = [a]. 
We denote by the trivial real line bundle over M, endowed with a (non-trivial) flat 
connection V“s ;= (is + a(8>s, where s is a smooth section of L. Similarly, V“ induces a 
holomorphic structure on the complex bundle Ca ■= L^ (8>C. Writing a^ij. = dft on an 
open covering il = (C/j) of M, {{Ui,e~I*)} defines a parallel (respectively holomorphic) 
trivialization of (resp. Ca) with transition functions on Ui D Uj. (With 

respect to this trivialization, sq = {Ui,el*) is a nowhere vanishing smooth section of 
La-) In terms of ©, Lq, (resp. Ca) is isomorphic to the flat real line bundle La (resp. 
the flat holomorphic line bundle Ca) determined by the deRham class a = [a]. In what 
follows, we shall tacitly identify La and Ca with the bundles La and Ca, respectively, 
and simply refere to them as the flat bundles corresponding to a G H^j^(M). 

Let L = La be the flat real line bundle over M determined by a G a, o G 
via the Gonvention EH and denote by L* = L_a its dual. The differential operator 
da = d — a A . defines the Lichnerowicz-Novikov complex 

( 2 ) ■■■Hn^-\M)Hn^{M)H ■■■ 

which is isomorphic to the de Rham complex of differential forms with values in L* 

(3) • • • “^4* L*) '^4 n^{M, l*) “^4 • • •. 
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In particular, we have an isomorphism between the cohomology groups 

Considering the Dolbeault cohomology groups of S with values in the flat holomorphic 
line bundle C*, we have 

di* = dc* + dc*-, and da = da + da 

with 

da = d — A and da = d — 
giving rise to the isomorphisms 
(4) 

Definition 2.2. Let X = (M, J) be a complex manifold. We shall say that a dif¬ 
ferentiable 2-form a; is a locally conformally symplectic form taming J if there exists 
a closed differentiable 1-form a such that daoo = 0, and the (l,l)-part of oj is 
positive dehnite. If, furthermore, oj is of type (1,1), it dehnes a locally conformally 
Kahler structure on X. The 1-form a is called the Lee form a of to. 


Remark 2.3. In terms of the isomorphism between ([2]) and ([3|), if we write a\jj. = dfi 
on an open covering if = (Lj) of M, then := defines a dL*-closed 2-form 

with values in L*, whose (1, l)-part is positive definite (for the latter we use the fact 
L* = L-a is defined by the co-cycle = Ui D Uj) which consist of positive 

constant real functions). Similarly, if a; is a locally conformally symplectic form taming 
J with daOJ = 0, then a; = is a locally conformally symplectic form taming J which 
satisfies daOJ = 0 with d = a + df. It follows that the existence of a locally conformally 
symplectic form taming J with Lee form a merely depend upon the de Rham class 
a = [a]. 

Our first observation is the following 

Lemma 2.4. Let oj be a locally conformally symplectic form on X = {M,J) with Lee 
form a. Denote by F := oj^d (i^ l)-part of oj. Then, 

dadaF = 0 , 

where da = JdaJ~^ = i{da — da). 


Proof. Writing 


uj = F + + oj^d 


where oj'^’^ and oj^^ denote the (2,0) and (0, 2)-part of oj, respectively. As da 
one has 


hence 2idadaF 


daOJ = 0 

dadaF = 0 . 



daF + daOj'^’^ 
daF + daOJ^’^ 


0 

0 , 


daPda, 


□ 


Lemma 2.5. Let S = (M, J) be a complex surface and g a Hermitian metric with 
fundamental 2-form F{-, •) = g{J-, •). Then, 

dadhaF = d 5{6 — a) + g{9 — a,a) = d, 

where 6 is the co-differential with respect to g and 9 = J6F is the Lee form of g. 
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Proof. Using dF = 9 A F (which, as U is a self-dual 2-form with respect to g is 
equivalent to the relation 6 = J6F), one gets 




d{J{9-a)) + {9-a)AJ{9 



AF. 


As F is self-dual, i.e. *F = F where * stands for the Hodge operator with respect to 
g, dad^F = 0 is equivalent to 

0 = g(^d[j{6 — a)) + {9 — a) A J{9 — a),F^ 

4 

i=l 

4 

= ((ne.J}(d - a)(Je,) + (DeAd - «)) (e^)) +\9- a\] 

i=l 

4 

= {9 -a) (^J ^(U)ei^)(ei)) - d{9 - a) + \9 - a\l 

i=l 

= —g{9,9 — a) — 6{9 — a) -|- g{9 — a,9 — a) 

= —6{9 — a) — g{9 — a, a), 

where D is the riemannian connection of g, {cj, i = I,-- - ,4} is any J-adapted or¬ 
thonormal frame, and for passing from the 3th line to the 4th we have used the fact 
that De^J is skew-symmetric with respect to g and anti-commutes with J whereas for 
passing from the 4th line to the 5th we have used the identity 9{X) = (6F)(—JX) = 
-Et49{J{DeJ){ei),X). □ 


Remark 2.6. In the light of Remark 12.31 it is easily seen that the condition 


(5) 


5{9 — a) -I- g{9 — a,a) = 0 


is also conformally invariant. More precisely, it is straightforward to check that if 
g = edg and a = a + df, then ([5]) is satisfied for {g, a) if and only if it is satisfied for 
{g,a). 


Recall the fundamental result of Gauduchon m which affirms that if X = (M, J) 
is an m-dimensional compact complex manifold endowed with a Hermitian metric g, 
then there exists (a unique up to scale) conformal metric g = g whose fundamental 
form F satisfies dd^F'^~^ = 0, or equivalently, for which 5J5F = 0. Such Hermitian 
metric is referred to as Gauduchon metric. By Lemma 12.51 and Remark 12.61 we then 
obtain 


Proposition 2.7. Let S = (M, J) be a compact complex surface, a € a 

de Rham class and c = [g] a conformal class of Hermitian metrics on M, with g a 
Gauduchon metric in c. Then the following conditions are equivalent: 

(i) for any g & c, the fundamental 2-form F satisfies dad'^F = 0 for some a G a; 

(ii) there exists a positive smooth function on M which satisfies the equation 

(6) ^gA'A) = Ag(V’) - - ‘^al, dfi) + g{9^ - a^, al)fi = 0, 

where Xg is the Riemannian Laplace operator of g, 9^ is the corresponding 
co-closed Lee form, and is the harmonic representative for a with respect to 
9- 
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Proof. By Remark 12.61 if for some metric g & c the corresponding fundamental form 
F satisfies dad'^F = 0, for any other metric g = e~^g in c, the fundamental 2-form F 
satishes dad%F = 0 with a = a — df. It follows that the condition (i) is equivalent 
to the existence of a 1-form a G a such that the fundamental 2-form of a Gauduchon 
metric <7 G c satishes dad'^F = 0. Writing a = a\ — dlogV’ with -0 > 0, Lemma [23] 
reads 

0 = 5{9^ — a) -|- g{9^ — a,a) = —6a + g{9^ — a, a) 

= —6{a^ — dlogip) -|- g{9^ “ + dlogf:, af^ — dlogf:) 

(7) = Ag(log'!/’) -g{9>^ - 2al,dlogi;) + g{93 - al,al) - g{dlog if ,dlog fj) 

= ^ (AgV’ - dfj) + g{9^ - , 

and the claim follows. □ 

The following elementary observation regarding the linear operator will be used 
throughout. 


Lemma 2.8. For any everywhere positive smooth funetion if on M 



In particular, if ([ 6 |) admits a positive solution with respeet to some a 7 ^ 0 G 
then 

( 9 ) [ 9i0^,al)vg= j g{9{,al)vg= f {\K\\l + ^WdifW^Vg > 0. 

JM Jm Jm W 

Proof. The equality dSj) follows by integration by parts and using that g is Gauduchon, 
i.e. 69^ = 0 ; the inequality ([9|) is an immediate consequence. □ 

The general theory for the existence of positive solutions of the elliptic linear second- 
order PDE = 0 is reviewed in the appendixj^to this paper. We recollect below 

the following variational characterization. 

Proposition 2.9. The PDE ([6|) has a positive solution if if and only if 

( 10 ) K{g) ■= sup I min | = Q. 

ueC°°{M),u>0 '' u ) 

Furthermore, Xa{g) is a finite number which varies analytically with respect to linear 
variations gt = {I — t)g + tg of Gauduchon metrics, or linear variations at = ta of de 
Rham classes. 

Proof of Theorem [131 By Propositions 12.71 and 12.91 it is enough to hx a Gauduchon 
metric g G c and show that Xa{g) = 0 for a suitable choice of a 7 ^ 0. Let 9f^ denote 
the harmonic part of the Lee form of g. It is well-known (see e.g. (S] Prop. 1] or 
Proposition l3.5l belowl that [9ff 7 ^ 0 under the assumption that the first Betti number is 
odd. We let at = ^[9ff with t > 0 and denote by the harmonic representative 

of at with respect to g. We are going to show that Xat (g) < 0 when t >2 and Xat {g) > 0 
for t close to 0; by the second part of Proposition 12.91 this would imply that Xat{g) = 0 
for some t G (0, 2). 
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Let ut > 0 he the eigenfunction of ^g,atj corresponding the the principal eigenvalue 
X{t) := Xatig)^ normalized by J^u^Vg = 1 (see Theorem lA. II in the Appendix [A)l . By 
Lemma 12.81 we have 

A(t)vol,(M) = [ 

Jm Ut 

( 11 ) =- [ \\\dut\\lvg+ [ g{el-a{,ai)vg 

JM Ut Jm 

= -/ f iKiiX 

JM Ut 4 Jm 

Taking t > 2 in (fTTT) yields X{t) < 0. We are going to show that X{t) > 0 for positive t 
close to 0. Indeed, as for each t X{t) is a simple eigenvalue (see Theorem lA.ip . by the 
Kato-Rellich theory |26l 142] (see Theorem IA.3I in the Appendix!^, X{t) and ut vary 
analytically with respect to t. As does not have a zero order term, by the Hopf 
maximum principal (see e.g. [U III, Sect. 8, 3.71]) A(0) = 0 and uq = l/volg{M). It 

thus follows that the function t i-A has a global minimum 0 at t = 0, so 

differentiating CID at t = 0 we get 

A'(0)volg(M) = ^ / iKWlvg > 0. 

^ Jm 

□ 

In order to obtain a converse of Lemma 12.41 we first notice the following 

Lemma 2.10. Let C he a flat holomorphic line bundle over a compact complex surface 
S, such that = {0}. Then, {S,C*) = {0}. 

Proof. As (^S,C*) = H^{S,JCs <8) C*), by Serre duality 

C/£* 

dim = h\S,ICs^C*) = h\C). 

Using the vanishing of the cohomology groups from the hypothesis of the Lemma and 
the Riemann-Roch formula, one concludes dim (^S,C*) = 0. □ 

Let La be the flat holomorphic line bundle corresponding to a = [a], see Conven¬ 
tion EH Its degree with respect to the Gauduchon metric g is defined to be [18] 

deg {La) = ^[ PCaXF, 

where ^PCa is a pluriharmonic representative of the first Chern class of La- Writing 
ap. = dfi on an open covering il = ([/*) of M, La is the topologically trivial complex 
line bundle over M with sq = {Ui,edfl being a nowhere vanishing smooth section, 
whereas hp. = e~^'^fl-,-) introduces a hermitian metric on La with h{so,so) = 1. It 
follows that p = — loge“^'l® = —d^a is the curvature of the Chern connection of 
{La, h), so that 

degg{La) =[ d‘'aAF = --^f g{d^a,F)vg 
Jm Jm 


( 12 ) 
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where for the last line we have used that da = 0, 68^ = 0. It then follows from 
Proposition 12.71 the inequality ([9|) of Lemma ITHl and the properties of the degree (see 

e.g. [ig) 


Lemma 2.11. Let g be a Gauduchon Hermitian metric on a compact complex surface 
S, whose fundamental 2-form F satisfies dad'^F = 0 for some closed but not exact 
1-form a. Then, the flat holomorphic line bundle La determined by a = [a] G 
via © and Convention \2.1\ satisfies 


degg{La) 



so that = {0} for all i>l. 


We thus obtain the following 


Proposition 2.12. Let g be a Gauduchon Hermitian metric on a compact complex 
surface S, whose fundamental 2-form F satisfies dad'^F = 0 for some closed but not 
exact 1-form a. If the holomorphic flat bundle La corresponding to the deRham class 
a = [a] via o and Convention\2A\ satisfies H^{S,La) = {0}, then there exists a locally 
conformally symplectic 2-form w on S with Lee form a and whose (1, l)-part is F. 


Proof. As H^{S, La) = {0} by Lemma [2.111 the hypothesis H‘^{S, Lq) = {0}, Lemma l2.ini 
and the isomorphism (jH) imply {S,L*) = = {0}. As BadaF = idad%F = 

Of* On " 

‘~-a 

0 , it follows that 


= 0 , 


for a (2,0)-form fl. Letting 


iv = F + fl + B, 


one has 

daOJ = {da + da){F + /3 + ^5) 

= daF + dafl + daF + dad ~ 0 ) 


which completes the proof. 


□ 


Proof of Theorem I I.IL Let S = (M, J) be a compact complex surface with odd first 
Betti number bi{M). If the Kodaira dimension of S is non-negative, it follows from 
[ 6 j and |48] that S admits a locally conformally Kahler metric. We therefore suppose 
that the Kodaira dimension of S is negative, i.e. S belongs to class VII of the Kodaira 
list, see e.g. [3]. Denote by Sq the minimal model of S. 

We first suppose that the second Betti number of Sq is greater or equal to 1, i.e. Sq 
is in the Kodaira class VII(]" (for which a complete classification is still to come). In 
this case. Theorem o follows from Theorem 11.21 Proposition 12.121 and the following 
vanishing result. 

Lemma 2.13. Let S be a compact complex surface with bi{S) = 1 and negative Kodaira 
dimension. Suppose that the second Betti number of its minimal model Sq is > D. Then, 
for any topologically trivial line bundle L G Pico(5'), we have 

H^{S,L) = 0. 

Proof. By Serre duality, we have to show that for any L G Pico(5'), H^{S, ICS'S)L) = 0. 
Suppose that there exists a non trivial section a G H^{S,}Cs S L). The line bundle 
ICgSL is not trivial as otherwise must be flat, and therefore 0 = cf (S') = —b 2 {S) = 
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—C 2 {S) (see [5]), a contradiction. It follows that a must vanish along an effective divisor 
D with [D] = fCs ® C,. Therefore in Z), 

(13) 0 = {ICs + C - D) ■ JCs = ICl - ICs ■ D. 

We show the assertion by induction on the number p of blowing ups. 

If p = 0, the surface is minimal and by [341 p. 399], an irreducible curve C of D is 
either 

• a rational curve such that < — 2 , therefore by the adjunction formula, 
0 = tt{C) = 1 + >^s-c+C^ Ks-C>0,oi: 

• an elliptic or a rational curve C with a double point. By the same formula, 

/Cs • C + = 0 , hence Ks-C>f), 

We deduce that for any effective divisor D, K-s-D > 0. Moreover, as b 2 {S) = —ci(S')^ = 
-K'i > 0 . we have a contradiction in ()13p . 

If j? > 1, there is an exceptional curve of the first kind E and let Bx : S ^ S he the 
blowing down of if to a point x ^ S. Let 17 be a ball centred at x and U = Bx~^{U) a 
simply connected neighbourhood of E. The line bundle L is holomorphically trivial on 
U and, therefore, the coherent sheaf L = {Bx)^,C is in fact a topologically trivial line 
bundle on S. As {Bx)*ICs = Eg, any non-trivial section a G H^{S,Es < 8 ) C) gives, via 
the biholomorphism Bx : S\E = 5\{x} a non-trivial section a € ii°(S\{x},/C^( 8 )£). 
By Hartogs’ theorem, this section extends to S. As 62 (*5) > 62 (So) > 0, by the 
induction hypothesis d = 0 , a contradiction. □ 

Let us now consider the case when 62 (^ 0 ) = 0. According to [8lll5l|33], So is either 
an Inoue surface (see [23]) or a Hopf surface (see [IS]). The arguments in [IS] 09] 
can be used without any change to show that the blow-up S of So admits a locally 
conformally symplectic form taming J if 5o does. We thus consider the case S = Sq. 

The Inoue surfaces with second Betti number equal to zero are classified by Inoue 
[23] who shows that they do not admit curves. Thus, if S is such a surface, the con¬ 
dition H‘^{S,C) = H'^{S,Es ® C*) = {0} is equivalent to T / /C 5 , where /C 5 denotes 
the canonical bundle of S. Let 5 be a Gauduchon metric whose fundamental 2-form F 
satisfies dad%F = 0 for a 1-form a with a = [a] / 0, given by Theorem ll.21 The corre¬ 
sponding line bundle C = Ca has negative degree with respect to g by m whereas it is 
shown in [461 Remark 4.2] that the degree of /C 5 is positive with respect to any Gaudu¬ 
chon metric. Thus, C / /C 5 , showing that = {0}, and therefore S admits a 

locally conformally symplectic 2-form taming J with Lee form a by Proposition 12.121 

If S' is a Hopf surface. Lemma 12.131 generally fails, so we cannot directly use Theo¬ 
rem [T2j in this case. However, according to [ails], S admits a IcK metric. □ 

3. COHOMOLOGICAL INVARIANTS OF A NON-KAHLER COMPLEX MANIFOLD 

An important and well-studied invariant associated to a compact complex manifold 
X = {M,J) which admits Kahler metrics is its Kdhler cone, E{X), defined to be 
the subset of classes Q G {E, M) for which there exists a Kahler metric on X 
whose fundamental 2-form belongs to II. A characterization of E{X) in terms of the 
intersection form of the cohomology ring of X, the Hodge structure and homology of 
analytic cycles has been obtained by N. Buchdahl [mill] and Lamari [301 El] when 
A is a compact complex surface, and Demailly-Paun m in general. These results 
imply in particular that the classes in 77^^ (A) which contain symplectic forms taming 
J coincide with /C(A). 
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In order to introduce similarly designed cohomological invariants in the non-Kahler 
IcK case, one can consider the sets (see IMli): 

Definition 3.1. Let X = (M, J) be a compact complex manifold. We introduce the 
following subsets of 

• The subset of classes of Lee forms of IcK metrics: 

C{X) = {[a] I 3 F G > 0,d„F = O} . 

• The subset of classes of Lee forms of locally conformally symplectic forms 
taming J: 

T{X) = {[a] I 3 w G = 0} . 

• The subset of classes of the harmonic parts of the Lee forms of Gauduchon 
metrics 

g(X) = {[61] I 3 F G L?^’Hx),F > 0,dd^F^-^ = 0,dgF^-^ = O} , 
where 6^ denotes the harmonic part of 9 with respect to the riemannian metric 

Remark 3.2. It follows from the definition that 

c(x)cr(x), e{x)cg{x), 

Q(X) is connected while F{X) is invariant under small deformations of X. Using 
similar techniques as in [20], one can show that a G T{X) is an interior point, provided 
that (M, L*) = {0}, where L = La is the real flat line bundle determined by a. 

We now consider the blow-up X of X at a point x and denote BxX —>■ X the blow¬ 
down map which is a biholomorphism between X \ F —)■ X \ {x}, where E = CF”^“^ 
is the exceptional divisor. The following is well-known: 

Lemma 3.3. Let : X ^ X be the blow-down map which contracts a divisor 
E = CF”^“^ C X with normal bundle Ne = 0{—l) to a point x G X. For any 
a G H\^{X) with generator a £ a, denote by a = B*{a). Then B* : H^{X) —)■ F|(X) 
is surjective for any positive k / 2(m —1), and is injective for any positive k 2m —1. 

Proof. As H^{X) does not depend on the choice of a G a (see the discussion in Sec.[2|), 
we can choose a such that it identically vanishes on a open ball Lf centred at x. It 
follows that a = B*{a) vanishes on U = B~^{U). 

We shall first prove that B* : H^{X) H^{X) is surjective. With our choice for a, 

any d^-closed fc-form (,3 on X is closed over U. As = F^^(CF™'“^) = {0} for 

k 7 ^ 2(m — 1), we can write = d(^|^). Multiplying by the pull-back via B^ of a 

bump function centred at x and support in U, we can assume ^ is globally defined on X 
and (f> = (p — da^ is another form representing [(^] G F|(X) which vanishes identically 
on a tubular neighbourhood of E. Then, the diffeomorphism {B~^) : X \ F —>■ X \ {x} 
allows to define a smooth fc-form cf = (Fjr^)*(i?5>) on X with daf = 0 and B*((f>) = (f. 

We now prove that B* : H^{X) —>■ H^{X) is injective. Suppose y? is a da-closed 
Fform on X, such that p = B*{ip) = daC- As = {0}, we can modify ip with a 

da-exact form (as we did above with p) and assume without loss that = 0. It follows 
that the (fc — l)-form ^ satisfies df^^ = 0. If A; = 1, ^ is a smooth function on X which is 
constant on U and, therefore, is the pull back to X of a smooth function ^ on X (which 
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is constant on U). It follows that = dai- If A; > 1, = {0}, 

so we conclude that is exact, i.e. = drj^. Multiplying t) by a bump-function, we 

obtain that ^ — dafj is identically zero in a neighbourhood of E, so that it descends to 
X to define a {k — l)-form ^ with d^^ = P>- D 

We recall the following result established in [381 SS] • The argument in [39] applies 
without change to the case of locally conformally symplectic structures taming J: 

Proposition 3.4. Let X he the blow-up of X at a point x. Then 

(a) ifa€ T{X), then a = B*{a) € T{X); 

(b) a € C{X) if and only if d = B*{a) G C(X). 

When X = S is a compact complex surface, the following result is well-known: 

Proposition 3.5. On a compact complex surface S = (M, J) the following conditions 
are equivalent: 

(i) 0 G C{S), i.e. S is Kdhler; 

(ii) 0 G nS); 

(hi) 0 G g{S); 

(iv) C{S) = ns) = g{s) = { 0 }. 

Proof, ‘(i) (ii)’ and ‘(iv) (i)’ are obvious. In order to prove ‘(ii) => (hi)’, let uj be 

a symplectic 2-form on M which tames J. Letting F = positive dehnite 

(1, l)-part, it dehnes a hermitian metric g{-, ■) = F{-, J-) which is Gauduchon (see e.g. 
Lemma El with 0 = 0). Furthermore, cu is a closed self-dual 2-form with respect to 
g, and is therefore co-closed. Writing uj = F + ^, where 4' is of type (2,0) -|- (0, 2), we 
get 

0 = hw = (5P + = -Je^ - J{8J^), 

where ff stands for the natural action of the almost-complex structure J on the bundle 
of real 2-forms of type (2,0) -|- (0,2) by J"^{X,Y) := —'L(JX,P). This shows that 
the Lee form 0 of 5 is co-exact and, therefore, = 0. 

It remains to establish ‘(hi) ^ (iv)’. To this end, by [S] Prop. I], 6 i(M) is even 
and g{S) = {0}. It follows that C{S) = {0} as C{S) C g{S) and C{S) / 0 by the 
characterization of Kahler surfaces [33l|371[IIl|30|. 

In order to prove T{S) = {0}, we use Lemma 12.41 Proposition 12.71 and Lemma 12.81 
as = 0 in our case, one gets 0 < — llOhlla^S’ showing = 0 . □ 

Recall the following dehnition from m 

Definition 3.6. A IcK metric with potential g on X = (M, J) is a IcK metric such 
that the pull-back F of its fundamental 2-form F to the universal covering space X of 
X is of the form F = where / > 0 is a positive plurisubharmonic function on X 
which satishes 7 */ = e'’^/ (c.y G K) for any deck-transform 7 G 7 ri(A). 

Examples of IcK metrics with potential include the Vaisman IcK metrics (i.e. IcK 
metrics for which the Lee form 9 is parallel) or more generally, pluricanonical IcK met¬ 
rics, introduced and studied by G. Kokarev in [29], for which the covariant derivative 
D9 of the Lee form is of type (2, 0) -|- (0, 2) with respect to J, see [37[ Claim 3.3] and 
[30]. 0 The following observation is taken from [36] . 

^In [37], the authors claim that a IcK metric admits a potential if and only if it is pluricanonical, 
but a proof is given only in one direction; see [40] for the precise link between the two notions. 
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Lemma 3.7. Let X = (M, J) he a compact complex manifold endowed with a IcK 
metric with potential, g, and Lee form 6. Then for any t > 1, tO is the Lee form of 
a IcK metric with potential on X. If, furthermore, g is a pluricanonical IcK metric, 
then to is the Lee form of a pluricanonical IcK metric for any i > 0. 


Proof. Writing F = ^ 
t > 1 put 

Ft 


on X, the pull-back of the Lee form is 9 

f, f ’ p 


M. 

f ■ 


For any 


For t > 1, Ft defines a positive definite (l,l)-form satisfying dFt = 9t A Ft with 
9t = — I'F As Ft is invariant under any deck transformation, it defines a IcK 

metric with potential, gt, on X, whose Lee form is 9t = tO. 

It is not hard to see that the pluricanonical condition {D^9)(Y) = —{Dj^6){.LY) 
is equivalent to 


(14) dJ9 = -\0\lF + 0AJ9. 

This is essentially the formula appearing in |37l p. 724], by noting that there is a sign 
error in m in deriving the formula for d{19) from the previous one, and an omission of 
a factor \6\‘^ before g in the formula expressing X6 — DO; the precise statement appears 
in m- For convenience of the reader we supply here a brief argument for ()14ll : it is 
well-known (see e.g. W\ II, Prop. 4.2]) that when J is integrable 

{DxF){Y, Z) = -\(dF{X, JY, JZ) - dF{X, Y, Z)) . 


The IcK condition implies dF = 0 A F, which allows to re-write the above equality as 
(15) DxF = ^(^X^ AJO + JX^ AOy 


where X^ denotes the gf-dual 1-form to X. Thus, using m, 

{DxJ0){Y) = -0{{DxJ){Y)) - {DxO){JY) 

= \{e{X)J0{Y) - J0{X)0{Y) - \0\lF{X,Y)) - {DxO){JY). 

It then follows 

dJO = -\0\lF + 0 AJ0 + {JDOf'^^^ 

where [JDO)^'^^^ denotes the anti-symmetrization of the (2,0)-tensor {JD0){X,Y) := 
-D0{X,JY); as dO = Q (i.e. DO is symmetric), JD0^'^^\X,Y) = -{D0Y'^{X, JY) 
where i70^’^(X, y) := {DxO){Y) + {DjxO){JY). Thus, for a IcK metric < 7 , the equation 
(HID is equivalent to DO^'^ = 0 , i.e. to g being pluricanonical. 

Differentiating (1141) one more time yields 

dj0|2 aF = 0, 

showing that \0\g is a constant. Thus 

Ft '■= F + A JO, t > —\ 

Wg 


defines a family of positive definite (1, l)-forms with dFt = (1 + FjO A Ft. Clearly, Ft 
give rise to a family of IcK metrics which verify the pluricanonical condition (|14|) . □ 





LOCALLY CONFORMALLY SYMPLECTIC STRUCTURES 


13 


Remark 3.8. If 5 is a pluricanonical IcK (non-Kahler) metric on X = (M, J) with Lee 
form 6, writing the pull-back metric as g = e'^gx where gx is a Kahler metric on the 
universal cover X conformal to g (or, equivalently, writing the pull-back 9 of the Lee 
form as 6 = dip) gives rise to a potential function / := for the fundamental 2-form 
F of g, i.e. F = by ([HD. 

4. Compact complex surfaces with 61 (5) = 1 

We start with the following easy consequence of Proposition 13.51 

Lemma 4.1. Let S = {M,J) be a compact complex surface with bi{M) = 1. For any 
a G denote by Ca the corresponding flat holomorphic line bundle defined via 

dm and Convention \2. 1[ Then, the sign of degg{Ca) does not depend on the choice of 
a Gauduchon metric on S and is zero if and only if a = 0. 

Proof. Let g' be a Gauduchon metric on S. By dHD) deg^(/la) = 0 for any Gauduchon 
metric if a = 0. On the other hand, if a 7 ^ 0, = fia{g)cih for a constant Paid), so 

that by (fT^ again, the sign of degg(>Ca) is equal to the sign of —paid)- We know by 
Proposition 13.51 that ga{g) / 0. As the space of Gauduchon metrics is convex (and 
therefore connected), it follows that the sign of Pa{g) is non-zero and is independent 
of 5 . □ 


The above Lemma suggests for the following 

Definition 4.2. Let S = (M, J) be a compact complex surface with 61 (M) = 1. For 
o, 6 G we will say that a > 6 if 

degg(£a G Cl) = degg(T(a_fe)) = degg(£a) - degg{Cf) > 0, 

for some (and hence any) Gauduchon metric g. 

We will thus identify the ordered set = (M, >). 

Proposition 4.3. Let S = {M,J) be a compact complex surface with bflM) = 1. 
Then G{S) C (—oo,0) and T{S) C (— oo,0). Furthermore, for each a G T{S), there 
exists a class b < a which belongs to G{S). 

Proof. Let g be Gauduchon metric on S and 0^ the harmonic part of the corresponding 
Lee form 6^. Applying (fT^ for a = [9f^] (and using Proposition 13.5|) yields degg(Ta) = 
“ 2 F Im < 0, thus showing the first inclusion. The second inclusion follows 

from Proposition 13.51 and Lemmas 12.41 fc IrTTl The inequality — 0‘hiOx)vg = 

!m (|l|dV’llg)^g > 0 (see Lemma [2.8p and the fact that a and b = [9fJ are both negative 
(so that 6f^ = with g > 0) show degg{Ca-b) > 0, i.e. the de Rham class b < a. □ 

Proposition 4.4. Suppose S = (M, J) is a compact complex surface with bflM) = 1. 
If b & C{S), c G GiS) with b < c, then any a G [b,c] C such that the 

corresponding flat line bundle Ca satisfies H^{S,Ca) = {0}, belongs to T{S). 


Proof. Let 5 be a IcK metric on S whose closed Lee form 03 belongs to b, and suppose 
(without loss) that <7 is a Gauduchon metric: thus, the Lee form of g is harmonic, i.e. 
9^ = 6^. For any a G let denote the harmonic representative of a with 

respect to g: thus, writing = pbf,^ for a constant g, we have a > 5 iff 



(/^- 1 ) 



degg{Cb_a) 


2tt 
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i.e. iff ^ € [0,1]. Thus, for any a G [b, c], 

(16) ^g,aW = + (2/^ - ^)9{bl^d'tp) + (1 - ^)n\\bl\\l-il;. 

We claim that Xa{g) > 0. Indeed, 

Xa{g) > nunLg,„(l) = (1 - /x)/innn ||6^||2 > 0. 

Similarly, let 5 be a Gauduchon metric on S for which the de Rham class c = [6f^] of 
the harmonic part of its the Lee form satisfies c> b. For any a < c, we have 6^ = 
for a real constant p G [0,1]. It then follows that 

[ - al,al)vg = - 1) j \\al\\lvg<Q. 

Jm J m 

As we saw in the proof of Theorem 11.21 this implies \a{g) < 0. 

Considering the linear path gt = {1 — t)g + tg, t G [0,1] of Gauduchon metrics 
and using the continuity of Xa{gt) (see Proposition 12.9p . one concludes that there 
exists a Gauduchon metric g' on S with Xa{g') = 0. Our claim then follows from 
Proposition 12.121 □ 


5. Examples 

In this section we illustrate the previous discussion on the known compact complex 
surfaces S in the Kodaira class VII [5|. Note that in this case bi[S) = 1. 

5.1. Hopf surfaces. These are, by definition, compact complex surfaces with univer¬ 
sal covering space \ {(0,0)}. It is shown by Kodaira [28] that the fundamental 
group P of such a surface is a finite extension of the infinite cyclic group Z. The list 
of concrete realizations of P as a group of automorphisms of can be found in |25] , 
and we summarize this classification in the following rough form; T = H K (70), where 
(70) denotes the infinite cyclic group generated by the contraction 70 of 

70(21,22) = (021 + Az™,/ 3 z 2), 

where the complex numbers a,j3,X satisfy 0 < |q;| < \j3\ < 1, A(a — /I™) = 0 for 
an integer m G N*. Furthermore, it follows by the classification in [25| that when 
A 7^ 0, Lf C U(l) X U(l) is abelian and commutes with 79. We denote by Sa,j 3 ,x = 
{(0,0)}/(7o) the corresponding primary Hopf surface and by Sa,0,x-H the further 
quotient by H, called secondary Hopf surface. 

Hopf surfaces with A = 0 are called diagonal (or, confusingly, of class 1). Belgun has 
shown (6] Thm. 1] that any such surface admits a Vaisman IcK metric. By Lemma [3.71 
and Proposition 14.31 in this case we have T{S) = C{S) = (—oo,0). 

Hopf surfaces with A 7^ 0 are called resonant (also called, even more confusingly, 
of class 0). Let Spm^p^x^H be a resonant Hopf surface. The analytic family Sx '■= 
Sgrnj^^XiH, A G C has as central fibre the diagonal Hopf surface Sq = while 

for A 7^ 0 the surfaces Sx are isomorphic (see m)- As Sq admits a taming conformally 
symplectic form with Lee form in any a G (— 00 , 0) so does Sx, just by continuity using 
that the taming condition is open. It follows that T(S'a) = (—oo,0). 

Similarly, as S'o admits a Vaisman metric by [SlilHI, it has a Vaisman IcK metric ga 
with fundamental 2-form Fa and Lee form in a for any a G (—oo,0), by Lemma 13.71 
(Recall that any Vaisman IcK metric is pluricanonical.) As the corresponding H com¬ 
mutes with 7o in this case, the potential / for Fa can be chosen to be 77-invariant 
(by averaging over H). By the argument in |19| , the / can be deformed to define 
an 77-invariant potential for a IcK metric on Sx, for A small enough, with the same 
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constant (see Definition ISTGI) . Using the isomorphism C* = = Pico(S') 

established for class VII surfaces in [28l I, p. 756], this shows that the induced IcK 
metrics on S\ will have Lee forms in the same de Rham class a. We thus see that 
C{S\) = (— 00 , 0 ) too. 

Using Proposition 13.41 (and Lemma [313] with a = 0 and A: = 1), we conclude 


Proposition 5.1. For any compact complex surface S whose minimal model is a Hopf 
surface, T{S) = C{S) = (—oo,0). 


5.2. Inoue surfaces with 62 = 0. The Inoue surfaces So with second Betti number 
equal to zero are classified by Inoue [21| into three types, Sm, Sf^.^ ^ ^ and 
where the parameters M, N are matrices with integer coefficients, p, q, r are integers 
and u is a complex number. Any such surface is the quotient of C x H (where H denotes 
the upper half-plane in C) under a discrete subgroup P of the group A{2, C) of affine 
trasformations of C^, leaving C x H invariant. The specific description of T in each 
case is given in [23], but we shall not make use of this. The relevant information for 
the discussion below is the fact, shown by Tricerri in |38|, that all Inoue surfaces admit 
IcK metrics, except the surfaces of the type Su ■= S^.^ ^ for which the complex 
parameter u is not real. In the later case, Belgun [^ shows that there are no IcK 
metrics at all. Nevertheless, we proved in Theorem 11.11 that Su always admits timing 
locally conformally symplectic structures. 

Let us now consider in a little more detail the analytic family Su,u G C \ M of Inoue 
surfaces of the third type. We shall show, by using an argument from [ 6 ], that in this 
case T{Su) is a single point. 

It is known (G] p. 35], [23l Thm. 1], |50| that Su = {C x IHI)/ru where T^ is a lattice 
in the solvable Lie group 


Solf 


1 a b + i log 7 
0 7 c 

0 0 1 


7 > 0 , a, 6 , c G 


C GL(3,C). 


The group Sol]]^ acts itself simply-transitively (and holomorphically) on C x H. This 
allows to identify Su with the quotient Sol)^, endowed with a (fixed) left-invariant 
integrable almost complex structure J, by the left action of the lattice P^. In explicit 
terms, let 

/ 010 \ / 00 l\ / 0 0 i \ / 000 \ 

v= o 0 o z= o 0 o r= o i o t/= o o i 

\ 000 / \ 000 / \ 000 / \ 000 / 

be the generators of the Lie algebra of Sol)]^ with 

Z central, [V, T] = Y, [T, U] = U, [Y, U] = Z 

and denote with the same letters the induced left-invariant vector fields on Sol)]^. Then 
the left-invariant complex structure J on Sol)^ is given by [ 6 l (35)] 


JY = -Z, JZ = Y,JT = -U - Z,JU = T - y. 

Furthermore, Sol'/ admits an ad-invariant 1-form ao, defined by ao{T) = 1,Q!o(U) = 
ao{Y) = ao(Z) = 0, which descends to define a closed but not exact 1-form (still 
denoted ao) on Su- As bi(Su} = 1, by Remark 12.31 we can assume without loss that 
Su admits a locally conformally symplectic 2-form F which tames J, and whose Lee 
form equals kag for a non-zero real constant k. As Sol/ has a bi-invariant volume form 
V [201 Lemma 4] (which dehnes a volume form on the quotient Su, still denoted by v), 
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for any left-invariant vector fields U and V on Sol^/ (which define vector fields on the 
quotient Su, still denoted by U and 1^), one can consider the average of F over Su- 

Fo{U,V):= j F{U,V)v. 

j Su 

It can be shown, as in the proof of [6l Thm. 7], that Fq defines a left-invariant 2-form 
on (Soh]^, J) which tames J and satisfies cIFq = kao AFq. Evaluating the later equality 
over Y,Z,T yields (see also [H (36)]) Fo{Y, Z) = kF(Y,Z); as E = JZ and the (1,1)- 
part of Fq is positive definite, it follows that k = 1. This shows that T{Su) = {no} 
with ao = [ao]- It is easy to check (see [20l Sect. 7.1]), using the explicit description 
of Su of [25 and the isomorphism C* = F[^{S,C*) = Pico(5') of [28l I, p. 756], that 
the corresponding holomorphic line bundle Cao is isomorphic to the anticanonical line 
bundle IC% . 

Noting finally that the existence of a locally conformally symplectic structure taming 
J is an open condition (with respect to J) and that the Inoue surfaces of the type 
^Npq r s quotients of Inoue surfaces of the type ^..g by an involution [ 21 ], we 
obtain the following 

Proposition 5.2. Let S be an Inoue surface with b 2 {S) = 0 in one of the types 
^N,p,g,r-,u ^N-,p,q,r- Then C{S) and T{S) are given as follows: 

• C{S) = T{S) = {ao} iff S is of the type or with u € M; 

• C{S) = 0, T(S') = {ao} iff S is of the type ’sN^p^q^r-,u n G C \ M, 

where Caq = . 

5.3. Kato surfaces. These are minimal complex surfaces in the Kodaira class VII 
whose second Betti number is strictly greater than 0, and which have a global spherical 
shell (GSS). Conjecturally, any minimal surface in the class VII should be either a 
Hopf surface, an Inoue surface, or a Kato surface. However, this conjecture is still far 
from being solved. 

For Kato complex surfaces, Brunella Oiin] has shown that C{S) 0 and that C{S) 
has — oo as an accumulation point. Note that any Kato surface S is diffeomorphic 
to {S^ X 5^)0A:CP2 (where k := b 2 {S)), see e.g. [M]- As x S^, with a complex 
structure of a Hopf surface of class 1, admits a Vaisman metric, it follows by [321 [39] 
that X S^,L) = {0} for any non-trivial flat real line bundle L. By Lemma 13.31 

H^^{S,L) = {0} and, therefore, by Remark 13.21 T(S) must be an open subset of 
(— 00 , 0 ). Similar conclusion holds true for C{S) C T{S), by [ 20 ] and Lemma [2.101 
together with the vanishing of and established in Lemma [2.13! and 

Lemmas 12.4! and 12.111 respectively. 

Further progress in this case seems to depend on a better understanding of the 
subset GiS), as the following result suggests. 

Proposition 5.3. Let S he a Kato surface. Then, 

G{S) c T{S). 

Proof. Let c G ^(*5')- Brunella shows (see [O] Rem. 9]) that there exists a IcK met¬ 
ric whose Lee form defines a de Rham class b with b < c. By Proposition 14.4! and 
Lemma [2.131 any a G [b, c] (in particular a = c) belongs to T{S). □ 
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Appendix A. A Perron-type Theorem for second-order strongly 

ELLIPTIC LINEAR OPERATORS ON A COMPACT RiEMANNIAN 

MANIFOLD 

We review here some spectral properties of the second order strongly elliptic linear 
operators in the form 

L{u) = -|- g{a, du) + cu, 

where s' is a Riemannian metric on a compact manifold M, A® = 6^d is the corre¬ 
sponding Riemannian Laplacian (which we shall consequently denote by A), a is a 
given smooth 1-form and c a given smooth function on M. Note that L need not to 
be self-adjoint in general, a case where the spectral theory is well-established. 

In a local chart U, L takes the form 

f)2 a 

Lu^-Y. 

i,j=l * J k=l 

where a^,b^,cu are smooth real functions such that the symmetric matrix (a^) is 
uniformly positive definite on U. In this case, the Perron-type Theorem established in 
[la p. 360] and [35] states that if R C C/ is compactly supported domain with smooth 
boundary, the operator Ljj taken on smooth functions on R with zero boundary value 
has real eigenvalue Aq (called principal eigenvalue) such that for any other eigenvalue 
A, Re(A) > Aq; furthermore Aq is simple and the corresponding eigenspace is generated 
by a nowhere vanishing smooth function uq on R. 

Recall that for any strongly elliptic linear operator L : C°°{M) —)• the set 

of (complex) eigenvalues is discrete, having a limit point only at infinity, see e.g. [71 
p. 465] or [H p. 126]. We want to establish the following adaptation of the Perron-type 
Theorem mentioned above to the case of a compact manifold without boundary (as 
we failed to find a reference to this result in the literature). 

Theorem A.l. Let L{u) = Au -|- g{a,du) + cu be a linear strongly elliptic linear 
differential operator of order 2 on a compact Riemannian manifold (M, g). Then, 
there exists a real eigenvalue Aq for L which admits a smooth everywhere positive 
eigenfunction Uq. Furthermore, Aq satisfies the following properties: 

(i) Aq is of multiplicity one. 

(ii) //A is another eigenvalue, then Re(A) > Aq. 

(hi) Ao = sup„g _4 (^infa;gM where A = {u G C°°{M) ] u > 0}. 

Definition A.2. The eigenvalue Aq is called the principal eigenvalue of L. 

Proof of Theorem I A. 11 The proof will be decided into four steps, corresponding to 
the statements in the Theorem lA.il as follows. 

Step 1. We shall establish in this Step the existence of a real eigenvalue Aq corre¬ 
sponding to an everywhere positive smooth eigenfunction uq. To this end, we shall 
work with the Sobolov spaces W^{M) corresponding to the norm 

1/2 


where \D^ f\ is the point-wise norm of the j-th covariant derivative and Vg is the 
Riemannian volume form. In what follows, we shall choose k sufficiently large so that 
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we have a continuous embedding W‘l{M) C C‘^{M). Because M is compact, we also 
have the continuous embeddings 

Wi{M) C W^M), 

for any integers 0 < I < k. 

We shall assume (without loss) in what follows that the smooth function c > 0 
(otherwise we consider the operator L — (infMc)Id instead of L). Then, by the max¬ 
imum principle [U III, Sect. 8 , 3.71] (which in the sequel we shall always apply to 
—L and —u), 0 is not an eigenvalue of L, i.e. KerL = {0}. It is a standard fact 
that L : IT'|_,_ 2 (M) —)• W^{M) is then invertible, and L~^ : W^{M) —)• IT|_,_ 2 (M) is 
bounded. Indeed, as L = A + T with A being the self-adjoint Riemannian Laplacian 
and T of order < 1, the composition T : IT^_,_ 2 (M) ^ IR|_,_i(M) C W^{M) is a com¬ 
pact operator by the Rellich-Kondrachov theorem (see O p. 458])); it follows that 
Index(L) = Index(A) = 0 by [211 Cor. 19.1.8] and, as Ker L = {0}, L is invertible and 
bounded (by the standard L^-estimates, see e.g. [71 p. 463]). Using the compactness 
of C W^(M) again, we conclude that the composition 

^ : WiiM) ^ C WiiM) 

is a compact operator. We define the cone 
(17) C :={u£ Wi{M) 1 u > 0}. 

By the maximum principle [H III, Sect. 8, 3.71] again, we have that A{C) C C and, 
if tc G C with tc ^ 0, then Aw > 0. Using standard elliptic regularity (see e.g. [71 
p. 467]) it will be enough to show that A has a non-trivial eigenfunction wq G U, 
corresponding to a real positive eigenvalue I/Aq (we will have then that uq := AoA(wo) 
is a smooth strictly positive eigenfunction of L, corresponding to the real positive 
eigenvalue Aq). 

Let us fix a function w € C, w ^ 0, and let v := Aw. By continuity, there exists 
/X > 0 such that 

fiV >w 

on M. We claim that if the equation 

u = \A{u + ew) 


with e > 0 and A > 0 have an everywhere positive solution u, then necessarily 
(18) A < /X. 

Indeed, 

u = \A{u) + XA{ew) > \A{ew) = Xev > (^—^ew 

hence 

u > XA{u) > XA 
By induction, for /c > 1, 




A2 

= —ev > 


A\2 




ew. 


u > 


ew, 


which is possible only if A < /x. 

We are now going to show that for any e > 0, the closed subset of 1U|(M) 
:= {?x G C j 3 A, 0 < A < 2^, u = A^(?x -|- etc)} 
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is unbounded. To this end, we shall use (|18p in conjunction with the well-known 
Schaefer theorem (see m p. 540]), which states that A : W ^ W is a continuous 
compact (not necessarily linear) mapping of a Banach space W and C C IT is a convex 
subset stable by A, then A has a fixed point in C provided that the subset 

{mEC| 3A, 0<A<1 such that u = A^(u)} 


is bounded. 

In our case, W = W^{M), 

A{u) := 2fi(^A{u) + ev) 

which is continuous compact because A is, and C C W^{M) is the convex subset 
introduced in CZD. Furthermore, if were bounded, A would satisfy the hypothesis 
of the Schaefer theorem with respect to C, so A would have a fixed point u in C, i.e. 
u = Au = 2fiA{u + ew), which contradicts (fT 8 ]) . 

Since is not bounded, there exists E with Ijugllfc > Denote by A^ 
(0 < Ae < 2 /i) the corresponding real number such that 

Ue = \eA{u^ + ew). 

For any sequence Cm —>■ 0 let Am := A^ and Um '■= n E C, so that 

11^^771 life 


(19) 


Um — ^mA ( Um ~\~ ^m 11 11 ) • 

V Wu.WkA 


Since A is compact, we can take a sub-sequence if necessary and suppose that (Am) 
and {um) are convergent. Let Aq := lirnm-^-oo Am and uq := lirnm-^-oo > 0. Taking 
limit in csi), we get 

uq = Ao^(uo) 

The condition ||um||fc = 1 prevents Aq and uq to vanish. Thus, uq = Ao^(uo) > 0, and 
applying L to the above equality we obtain L{uq) = AqUo with Aq > 0. 


Step 2. We shall now prove that the multiplicity of Aq is one. 

As L is a real operator, it is enough to consider a smooth non-identically zero real 
valued function u on M, such that Lu = Xqu. Furthermore, replacing u by —u if 
necessary, we shall assume that u is somewhere positive. Thus, letting 

X = sup{/i > 0 I uo — /ru > 0 on M}, 

we then have y > 0, u := uq — ^ 0 on M, and hence Lv = Xqv > 0. 

By the Hopf maximum principle [H III, Sect. 8, 3.71], we have that either u > 0 on 
M or u = 0. By the dehnition of x we conclude that u = 0. 


Step 3. We now show that for any other (complex) eigenvalue A of L, Re(A) > Aq- 
Let u ^ 0 be a complex-valued smooth function on M with Lu = Xu and let 
V := u/uq. We then have 

Xuqv = L{uqv) = vL{uo) + uoL{v) — cuqv — 2g{duo,dv) 

= XqUqv + uq -|- g{a — 2d\og uq, dv)^ 

= XoUqv + uoK(v), 

where we have set 

K(v) := A(u) -|- g(a — 2(ilog uq, dv). 

Dividing by uq the last equality, we have 

K{v) = (A - Ao)u, 
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and as -fC is a real operator 

K{v) = (A - Ao)i;. 

It follows 

= K{vv) = vK{v) + vK{v) — 2g{dv, dv) 

(20) = 2(^Re(A) - Ao)|pp - 25 (dp,fii;) 

< 2(^Re(A) - Ao)|pp. 

Suppose for contradiction that Re(A) — Aq < 0. Then, the Hopf maximum principle [H 
III, Sect. 8, 3.71] implies juj = const, and therefore 

0 = R:(|u| 2) < 2(^Re(A) - Aq) jup 

showing that Re(A) = Aq (as v = u/uo ^ 0). Going back to (f 2 ni) (and using again 
K{\v\‘^) = 0), we have 

0 =K{\v\‘^) = -2g{dv, dv) + 2(^Re(A) - Aq) jup 

= -mv\\i 

i.e. V = u/uq is a constant. As A 7 ^ Aq by assumption, this is a contradiction. 


Step 4. We finally have to prove that 


Aq = sup inf 


L{u) 


where A = {u ^ C°°{M) | u > 0}. 

To this end, we shall show first that the formal conjugate operator 
L*{u) = Ati — g{a, du) + {5^a + c)u 

of L (with respect to the global L 2 product on (M, g)) has the same principal eigenvalue 
as L. Indeed, let Ag be the principal eigenvalue of L* and ttg > 0 an eigenfunction. 
Then 

Ao / mu^Vg = / L{uQ)ulvg = / uoL*{ul)vg = Ag / uou^Vg. 

Jm Jm Jm Jm 

Since rto > 0 and ttg > 0 , it follows that Aq = Ag. 

Now, let 

■ n L{u) 

^ \= sup ini -. 

We clearly have g > = Aq- To establish the converse inequality, let (wm) 

be a maximizing sequence in A such that 


( 21 ) 

It then follows 


1 L{wm 

g -< inf - 

m x£M Wm 


< g- 


Ao / WmUQVg= [ WmL*{UQ)Vg = [ L{Wm)UQVg > {g - 

Jm Jm Jm 


IM 


WnU^Vg, 


thus showing Xq > g. □ 

The following result follows from the general Rellich-Kato theory, see e.g. |26[ II, 
Sect. 1.8; IV, Theorem 3.16, and VII, Thm. 1.7] applied to the bounded operator A 
constructed in the proof of Theorem lA.R by noting that the principal eigenvalue Aq of 
L is simple and can be separated from the reminder of the spectrum. 
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Theorem A.3. Let L[i) he an analytic family of linear strongly elliptic operators as 
in Theorem \A.1{ For each t, denote hy Xo{t) the principal eigenvalue of L{t) with 
corresponding eigenfunction ut > 0, normalized hy Jj^u^Vg = 1. Then Xo{t) and ut 
vary analytically with respect to t. 
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